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Abstract 

We construct worldsheet descriptions of heterotic flux vacua as tlie IR limits of N=2 
gauge theories. Spacetime torsion is incorporated via a 2d Green-Schwarz mechanism 
in which a doublet of axions cancels a one-loop gauge anomaly. Manifest (0, 2) super- 
symmetry and the compactness of the gauge theory instanton moduli space suggest 
that these models, which include Fu-Yau models, are stable against worldsheet instan- 
tons, implying that they, like Calabi-Yaus, may be smoothly extended to solutions of 
the exact beta functions. Since Fu-Yau compactifications are dual to KST-type flux 
compactifications, this provides a microscopic description of these IIB RR-flux vacua. 



1 Introduction 



It is a beautiful and frustrating fact of life that Calabi-Yaus have interesting moduli spaces. 
On the one hand, the topology and geometry of their moduli spaces govern the low-energy 
physics of string theory compactified on a Calabi-Yau, so understanding their structure 
teaches us about four-dimensional stringy physics. On the other, the resulting massless 
scalars are a phenomenological disaster. 

Dodging this bullet has proven surprisingly difficult. At the level of type II supergrav- 
ity, beautiful work of KKLT and other^ demonstrates that a judicious choice of fluxes and 
branes wrapping suitable cycles in a fiducial Calabi-Yau can generate a scalar potential 
which fixes all moduli of the underlying CY. However, since these type II flux vacua nec- 
essarily involve RR fluxes and other effects which are not amenable to worldsheet analysis, 
it is difficult to construct a microscopic description for them, and a sufficiently hard-nosed 
physicist could rationally wonder whether these vacua, in fact, exist. 

Duality provides a powerful hint. For a large class of flux vacua, such as the KST 
models of [3], there exists [6] a duality frame involving a heterotic compactiflcation on 
a non-Kahler manifold of SU (3)-structure with non-trivial gauge and NS-NS 3-form flux, 
Hy^O, all of which is in principle amenable to worldsheet analysis. A microscopic description 
of heterotic flux vacua would thus provide a microscopic description of the dual KST vacua. 

Of course, there are excellent reasons that most work has focused on Kahler compact- 
iflcations, which necessarily have H = 0. In particular, only for Kahler manifolds does 
Yau's Theorem ensure the existence of solutions to the tree-level supergravity equations; 
the beautiful results of Gross & Witten [7] and Nemachamsky & Sen [8] then ensure that 
these classical solutions extend smoothly to solutions of the exact string-corrected equa- 
tions. When H ^ 0, the story is much more complicated, due in part to the absence of 
effective computational tools analogous to Hodge theory or special geometry for non-Kahler 
manifolds, and in part to the tremendous analytic complexity of the Bianchi identity. 



Indeed, twenty years passed between Strominger's geometric statement of the supersym- 
metry constraints [9] and the proof by Fu and Yau of the existence of a class of solutions to 
these leading-order equations [10]. Moreover, since the Bianchi identity scales inhomoge- 
neously with the global conformal mode, any solution has total volume-modulus flxed near 
the string scale, so such compactiflcations can not be described by conventional, weakly- 
coupled NLSMs. Whether these Fu-Yau solutions, like Calabi-Yaus, can be smoothly ex- 
tended to solutions of the exact string equations has thus remained very much unclear. 

The purpose of this paper is to develop tools with which to study heterotic compactifl- 
cations with non- vanishing H, i.e. holomorphic vector bundles over non-Kahler manifolds 
with intrinsic torsion satisfying (11. ip . Motivated by Fu and Yau, we focus on torus bundles 
over Kahler bases, X —>■ S, with gauge bundle Vx and NS-NS flux H turned on over 

the total space X. When m = 2 and S = K3, this is precisely the Fu-Yau compactiflcationjl 

^See in particular [1-4] for foundational work, and [5] for a complete review and further references. 
^While we refer to these geometries as Fu-Yau geometries, it should be emphasized that Strominger's 
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Our strategy closely parallels the familiar gauged linear sigma model (GLSM) approach 
to Calabi-Yau compactifications [12]: we build a massive 2d gauge theory which flows in 
the IR to an interacting CFT with all the properties that we expect of a Fu-Yau compact- 
iflcation. In the Calabi-Yau case, the GLSM flows to a NLSM whose large-radius limit is 
the chosen Calabi-Yau. This is not possible in the Fu-Yau case as no large-radius limit 
exists; however, the classical moduli space of the one-loop effective potential of our GLSM 
will precisely reproduce the Fu-Yau geometry. We thus take the CFT to which our tor- 
sion linear sigma model (TLSM) flows to provide a microscopic deflnition of the Fu-Yau 
compactiflcation. 

A central ingredient in these models is a two-dimensional implementation of the Green- 
Schwarz mechanism. The ch2{Ts) — ch2{Vs) anomaly of a (0,2) nonlinear sigma model on 
Vs' ^ is containecifl in the gauge anomaly of (0, 2) GLSMs for 5*. In compactifications 
with intrinsic torsion, this sum does not vanish even in cohomology. To restore gauge 
invariance, we introduce a novel (0, 2) multiplet containing a doublet of axions whose gauge 
variation precisely cancels the gauge anomaly. The one-loop geometry of the resulting 
model is easily seen to be a fibration X over the Calabi-Yau S" - a Fu-Yau geometry - 
with the anomaly cancellation conditions of the TLSM reproducing the conditions for the 
existence of a solution to the Bianchi identity. 

Crucial to our construction is a manifest (0, 2) supersymmetry with non-anomalous 
i?-current and a non-anomalous left-moving U{1). These ensure the perturbative non- 
renormalization of the superpotential and are necessary for the existence of a chiral GSO 
projection. The worry, as usual in a (0, 2) theory, is that worldsheet instantons may generate 
a non-perturbative superpotential [13,14]. The power of a gauged linear description is that 
the moduli space of worldsheet instantons is embedded within the moduli space of gauge 
theory instantons, which is manifestly compact; without a direction along which to get an 
IR divergence, it is thus impossible to generate the poles required for the generation of 
a spacetime superpotential [15,16]. Such arguments have been used to rigorously forbid 
the existence of non-perturbative superpotentials for (0, 2) gauged linear sigma models of 
Calabi-Yau geometries; while some technical details differ so that we cannot present a direct 
proof, these results appear to extend unproblematically to our torsion linear models. 

Along the way we will construct a number of (2, 2) TLSMs for generalized Kahler ge- 
ometries, including non-compact models built out of chiral and twisted chiral multiplets 
and more intricate models in which we gauge chiral currents built out of semi-chiral multi- 
plets. While not our main interest in this paper, these models provide useful guidance in 
our construction of (0, 2) models with torsion and are worth studying on their own merits. 

This paper is a brief introduction to the structure of torsion linear sigma models, focusing 
on a few basic results and proofs-of-principle. A self-contained follow-up including examples 
and details omitted below is in preparation. 

elaboration of the precise equations to be solved was crucial to the eventual construction of solutions by 
Fu and Yau, as well as to earlier studies of the underlying manifolds by Goldstein and Prokushkin [11]. 
•^In fact, this is a somewhat subtle story, as we shall elaborate below. 
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2 Torsion in (2,2) GLSMs 



While a number of (2, 2) gauged linear sigma models with non-trivial NS-NS flux have been 
studied in the literature - most notably the (4,4) i7-monopole GLSM [17] - the structure 
of general models has received relatively little attention. In this section, we will review the 
incorporation of NS-NS flux into (2, 2) models, emphasizing features which will generalize 
to the more complicated (0, 2) examples studied below. A more complete discussion of the 
rich structure of general (2, 2) torsion will be addressed elsewhere. 

Let us start with a standard (2, 2) GLSM for some toric variety V built out of chiral 
and vector supermultiplets. The IR geometry of such models is necessarily Kahler. What 
we seek is a way to introduce non-trivial H = dB ^ into a standard (2, 2) GLSM. Since 
H is an obstruction to Kahlerity, we are also looking for a construction of non-Kahler 
geometries via (2, 2) GLSMs. It has long been known that sigma models built entirely out 
of chiral multiplets are necessarily Kahler [18], so we would seem to need to introduce non- 
chiral multiplets. However, since a (2, 2) gauge field minimally coupled to chiral multiplets 
cannot be minimally coupled to twisted chirals while preserving (2, 2), there would seem to 
be a no-go argument forbidding minimally-coupled GLSMs for non-Kahler geometries with 
non- vanishing H . 

As is often the case, this no-go statement tells us exactly where to go. Recall that 
B appears in the GLSM through the imaginary parts of the complexified FI parameters 
_ j^Qa appearing in the twisted chiral superpotential. 



2y/2 

More precisely, are the restriction of the complexified Kahler class = J + iB to the 
hyperplane classes Ha G H'^iV) corresponding to the gauge fields S^, i.e. B = 6"" Ha. To 
get if 7^ we must promote some of the 6'", say m of them, to dynamical fields. Note that 
this adds dimensions to the geometry, so we are no longer working with a sigma model on 
y, but with a geometry with local product structure V x (S*^)™". 

For the moment, consider promoting a single FI parameter to a dynamical field. Since 
the FI parameter appears in the twisted chiral superpotential, (2, 2) supersymmetry requires 
that it be promoted to a twisted chiral multiplet Y with action 

N"" /■ ,o~ „ , 1 



2^2 , 



j dHYT.a + \i.c.-^ J d^9 eiV+yy = -e[{dry+{d9y] -iV^ [rD, - 20^+_J + ... 

(2.1) 

where A; G M and y = r + i9 ^ C* is the scalar component of Y. The geometry is thus 
a complex manifold with local product structure, W ~ x C*, and NS-NS potential 
B = 6N"-Ha on the total space W that is no longer closed, 

H = deA N^Ha ^ 0. 

The resulting IR geometry is non-Kahler, evading the no-go statement above by coupling 
the gauge supermultiplet minimally to chirals and axially to twisted chirals. Note that the 
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resultant H-fiux has two legs along V and one along the 5*^ coordinatized by 6. Note, too, 
that this is precisely the form of the relevant couplings in the (4,4) if-monopole GLSM. 

In some sense, what we have done by promoting the FI parameter /Kahler modulus t to 
a dynamical field Y is to take the variety V and construct a new variety W as a. fibration 
of V over a complex line in the Kahler moduli space of V. This should give us pause; the 
moduli space includes points where the original variety V goes singular, so this fibration is 
degenerate. How do we know that the total space of the fibration is, in fact, smooth? 

Consider, for example, the resolved conifold F = xy — wz — r = in C^, and let W be 
the fibration of the conifold over the complex line r. The point r = is a very singular 
point - even the CFT is singular - and it is natural to wonder if W is singular at r = 0. 
In fact, it is straightforward to see that W is completely well behaved at r = 0. Like V, 
W is the vanishing locus of F, now viewed as a function on C^. However, since drF = — 1, 
F is strictly transverse, so the hypersurface W = F~^{0) is everywhere smooth. By virtue 
of the linear nature of the axial coupling, a similar result can be argued to obtain for all 
(2, 2) models in which the FI parameter is promoted to a dynamical field. 

T-dualizing the dynamical FI parameter is revealing. Consider a GLSM with gauge 
group U{lY, (N + s) chirals $/, and m axially coupled twisted chirals, Yi, with Lagrangian, 



- A^aS. + ^$,e2«?^''$, - Ifcf (F, + Yif 
Aei 4 8 



d^e M^Y{La +h.c.. 



2^2 

Dualizing all the twisted chirals Yi into chiral multiplets Vi results in a simple model. 



c= d^e 



1 ^ „ W o^a,. . 1 ,^ 



Ael 4 8kf 



All matter fields are now chiral, so the classical moduli space is automatically Kahler. But 
with which Kahler metric, on which space? We can clearly eat the imaginary component 
of all m fields Vi to make m of the gauge fields massive (provided s > m), and use their 
real components to solve m of the D-terms. However, integrating out the massive vectors 
and scalars deforms the Kahler potential for the (A^ + s) $/s. The surviving (s — m) gauge 
fields then effect a Kahler quotient of C^"*"*, but now starting with a deformed Kahler 
structure. The IR geometry is thus an + m dimensional variety whose topology is 
controlled by the charges of the $/ under the surviving gauge fields but with deformed 
Kahler structure [19]. This can be used to construct GLSMs for, say, squashed spheres. 
T-dualizing with this squashed metric then gives non-trivial B, which was what we found 
above. 

It is fun to note in passing that we could just as well have dualized the chiral multiplets 
in our torsion model to get a theory of only twisted chiral multiplets, all axially coupled 
to an otherwise free gauge multiplet. As emphasized by Morrison & Plesser [20] and by 
Hori & Vafa [21], the resulting theory has a non-perturbative superpotential of the form 
W = e~^^ , where Zj are the twisted chirals dual to the original $/. The resulting theories 
end up looking like complicated generalizations of Liouville theories coupled to a host of 
scalars. 
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Going back to our strategy of axially coupling twisted chirals to the gauge multiplets of 
a chiral GLSM, and vice versa, a little play leads us to the very general form, 

C = Cv{^,^)+Cw{Y,S) + J d^T.G{Y) + j d^O SF{^) + \i.c., 

where Cv,w are the Lagrangians for standard chiral (twisted chiral) GLSMs on V (VF), 
F and G are gauge invariant analytic functions of the chiral and twisted chiral fields, 
repectively, and S is the chiral field-strength of the gauge field in Cw The resulting 
geometry has an obvious local product structure, M ~ y x W , but is globally non-trivial - 
this is a simple extension of the fibration structure discussed above. One annoying feature 
of all such models is that any model of this form, which has trivial one-loop running of 
the D-term {i.e. all the Ricci-fiat manifolds), appears to be, at first blush, non-compact: it 
is simply impossible to build a non-trivial coupling of this form when V and W are both 
compact Calabi-Yaus. Something remains missing. 

Note that the models described above evaded the "no-go" statement by coupling a (2, 2) 
vector minimally to chiral matter and axially to twisted chirals or vice vera. While these 
models have a particularly simple presentation, they are by no means the most general (2, 2) 
models one can construct - in particular, there are many more representations than simply 
chiral and twisted chiral. In fact, as has only recently been proven [22], the most general 
off-shell (2,2) NLSM can only be written by including semi-chiral multiplets anihilated by 
a single supercharge. It is reasonable to ask if the same is true of GLSMs. 

As it turns out, a large class of generalized geometries [23,24] only admit gauged linear 
descriptions using semi-chiral superfields. Suppose we want to couple a (2, 2) gauge field 
to a conserved current; of necessity, that current must be either a chiral or a twisted chiral 
current. However, the matter fields which appear in the current do not have to be chiral or 
twisted chiral, only the total current is so constrained. This suggests a simple strategy for 
constructing a (2, 2) GLSM out of semi-chiral fields: begin with a theory of free semi-chiral 
fields and identify a chiral isometry of this free theory under which the semi-chiral matter 
fields rotate by a chiral phase. Then, couple the associated current to a canonical (2, 2) 
gauge supermultiplet. The result is a manifestly (2, 2) GLSM which, in general, does not 
reduce to a theory of chirals. 

There are many fun (2, 2) torsion linear sigma models one can build, with interesting 
geometric and algebraic properties, but our interests in this note lie with the heterotic 
string, so we now turn to (0, 2) models, leaving a thorough discussion of the (2, 2) case (and 
the intriguing liminal (1,2) case) to another publication. 

3 Non-Compact (0, 2) Models and the Bianchi Identity 

Suppose we are handed a well-behaved (0,2) GLSM for a vector bundle Vs over some 
happy Kahler manifold S. The FI parameters of the GLSM, t", parameterize some of 
the complexified Kahler moduli of S. As in the (2, 2) cases discussed above, introducing 
non-trivial H into this (0, 2) GLSM is a simple matter of promoting some subset of the FI 
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parameters to dynamical fields 1^=1 „ in the GLSM. The FI coupling in a (0, 2) model 
is again a superpotential interaction, so the requisite promotion is 

^ J de+ t»T<, + h.c. ^ \j de+ N^YiTa + li.c. -i j dPOYid^Yi 

where yi = ri + iOi G C*, and with G Z to ensure single- valuedness of the action. This 
results in non-trivial NS-NS 3-form flux, 

B = N^eiHa H = N^deiAHa, 

not on S, but on a non-compact fibration (C*)™ —>■ X S, with H having two legs along 
S and one along the fibre. (Here, Ha is the a*^' hyperplane class on S.) 

This model has two major limitations. First and foremost is the fact that the Bianchi 
identity is solved rather trivially: dH = by construction, since both d6i and Ha lift 
trivially to closed forms on the total space of the (C*) "^-fibration, X. What we are after 
is an interesting solution to the Bianchi identity. Secondly, the classical moduli space, X, 
is non-compact. Since the non-compactness is due to the unconstrained real part of the 
dynamical FI parameters, we might try to simply lift them, leaving the imaginary part 
dynamical as required for non-trivial H- Unfortunately, this explicitly breaks (0, 2) 

supersymmetry. In the remainder of this section we will focus on correcting the triviality of 
the Bianchi identity - the thorny problem of compactification we defer to the next section. 

To begin, note a curious difference from the (2, 2) case above. In a (0, 2) gauge theory, 
the FI parameter does not appear in a twisted chiral superpotential - indeed, there is no 
twisted chiral representation of (0,2) - but in a chiral superpotential, so the dynamical FI 
parameters in a (0, 2) theory are chiral, just like the minimally coupled scalars. This raises 
an interesting possibility: since supersymmetry no longer forbids the minimal coupling of 
the gauge fields to the Yi, we can couple Yi both axially and minimally in a completely 
supersymmetric fashion: 

^ = -lJ iyi + Yi + 2MtV+a){td4Yi - Yi] - M^V^a) + ^ J ^i^i^- + ^-c, 

where the are integers (we will discuss their quantization later). Unfortunately, under 
a gauge transformation Yi ^ Yi — zM/'A^, the superpotential transforms as 

SA^=\j M^N^AhTa + h.c, 

which is not a total derivative, so this Lagrangian does not appear to be terribly useful. 

However, this gauge variation has the familiar form of the gauge anomaly of a (0, 2) 
GLSM. Consider a GLSM for a holomorphic vector bundle over a Calabi-Yau base, S, 

^Indeed, this is what happens in the Goldstein-Prokushkin construction [11], whose compact non-Kahlcr 
manifolds arise as the unit-circle sub-bundles of two C*-bundles over a base Calabi-Yau, as described further 
in appendix B. 
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built out of chiral superfields $/ and fermi superfields (see appendix A for conventions). 
While the classical Lagrangian is manifestly gauge invariant, the measure generically suffers 
from a set of one-loop exact chiral gauge anomalie^ of the form 



r] ^ r] exp (^-^ J Sy 



de+AhTa + h.c. 



where A"''' is a quadratic form built out of the gauge charges and q'^ of the right- and 
left-moving fermions, 

A'^' = J2QiQi -Y.^'LqI- (3.1) 

/ m 

This can be easily derived by examining the loop diagram with two external gauge bosons. 
This anomaly, a familiar feature of (0, 2) GLSM building, has a natural geometric inter- 
pretation. Recall that the right-handed fermions transform as sections of a sheaf Ty over 
the ambient toric variety V which restricts over S to the tangent bundle, T5. Meanwhile, 
the left-handed fermions transform as sections of a sheaf Vy which restricts to the gauge 
bundle, V5. The gauge anomaly measures 

A oc ch2{Tv) — ch2{Vv)- 

Since the Bianchi identity is just the restriction of A to S, the vanishing of the gauge 
anomaljl^ ensures that the IR NLSM satisfies the heterotic Bianchi identity with dH = 0. 
This connection will be better explored in section 14.31 

These two effects - the gauge variance of the classical action and the one-loop gauge 
anomaly - dovetail beautifully. Consider a GLSM for Vs ^ S with ch2{Ts) 7^ ch2{Vs)- On 
its own, this model is anomalous. Now promote some subset of FI parameters to dynamical 
fields Yi with axial couplings A''^'^ and charges Mf . Under a gauge variation, the effective 
action {Sejj = ^ f d'^U'^eff) picks up classical terms from the axions and one-loop terms 
from the anomaly. 



6^C,ff = 1 I de^ 



AftT. + h.c. 



^Such gauge anomalies are strictly absent in (2, 2) models, where left- and right-handed fermions are 
paired up in (2, 2) chiral multiplcts to give an overall non-chiral theory; in a (0, 2) model, by contrast, 
left- and right-moving fermions transform in different supersymmctry multiplets and may thus transform 
differently under the gauge symmetry, leading to the gauge anomaly advertised above. 

^Note that the gauge anomaly may fail to vanish even when the classical moduli space of the GLSM 
has vanishing c/i2 anomaly. For example, consider a (0, 2) model for an elliptic curve in with trivial 
left-moving bundle. A NLSM on an elliptic curve cannot have a chi anomaly - nonetheless, the GLSM has 
a gauge anomaly. What is going on? The point is that the gauge anomaly computes the non-vanishing self- 
intersection number of the hyperplane class in P2, an intersection which does not restrict to the hypersurface 
(indeed, there is no four-cohomology on T^). This is a somewhat familiar fact in (0,2) model building: 
many geometries for which a NLSM analysis is perfectly consistent do not seem to admit GLSM descriptions 
due to uncanceled gauge anomalies. 
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Thus, for every solution of the Diophantine equation 

\ J2 M^Nt = J2 QiQ'i - E (3-2) 

I I m 

we have a non-anomalous (0, 2) quantum field theory. Since the superpotential of this (0, 2) 
theory is not renormalized beyond one loop in perturbation theory, and since the anomaly 
is one- loop exact, the path integral remains gauge invariant to all orders in perturbation 
theory^ Note that the c/i2 anomaly in the NLSM is also one-loop exact. We shall refer 
to a (0, 2) GLSM which implements the above cancellation mechanism as a torsion linear 
sigma model (TLSM). 

Notice what has happened. First, we have replaced the Kahler geometry S with a non- 
Kahler (C*)™-fibration X over S such that the curvature 2-forms of the (C*)'"-fibration 
are trivial in H'^{X,Z), the cohomology of the total space. It is important to distinguish 
ch2{Ts) — ch2(ys), the anomaly on S, from the very different quantity ch2{T^) — c/i2(Vjf), 
the anomaly on the (C*)'"-fibration X over S. At the end of the day, the physical Bianchi 
identity lives on X and says that dH = c/i2(T^) — c/i2(Vjf), so in cohomology on X, 
c/i2(T^) = c/i2(Vjj). However, since X is a non-trivial fibration over S, cohomology classes 
do not trivially lift, or descend (think about the Hopf map). The upshot it that Bianchi 
identity does not imply that ch2{Ts) = ch2{Vs), even in cohomology. However, the 3- form 
flux H = NidOi A Ha on the the total space, X, was constructed precisely so as to solve 
the Bianchi identity when pushed down the fibres - this is what led us to introduce the 
gauge-variant axial coupling in the first place. 

This graceful mechanism of anomaly cancellation, a one-loop gauge anomaly canceling 
the gauge variation of an axionic coupling in the classical Lagrangian, is simply a 2d avatar 
of the Green-Schwarz anomaly in the target space. 



4 Compact (0, 2) Models and the Torsion Multiplet 

Let us summarize the story so far. We begin with a conventional (0, 2) GLSM for a Calabi- 
Yau S equipped with a generic holomorphic bundle V^. The ch2{Ts) ^ c/i2(Vs) anomaly 
of the associated NLSM is realized in the GLSM as a gauge anomaly. To cancel the gauge 
anomaly, we promote some of the FI parameters to dynamical axions carrying charges 
chosen such that the gauge variation of the classical action cancels the one-loop gauge 
anomaly in a 2d version of the Green-Schwarz mechanism. The IR geometry of the resulting 
non- anomalous (0, 2) GLSM is a non-compact (C*) '"-fibration X over S", 

(C*)"* — , X 
i 



^Wc will discuss non-pcrturbative effects below. 
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where the curvature two-forms of the C*-bundles are Mj^Hals G H'^{S,'Z). Threading this 
geometry is a non-trivial NS-NS 3-form flux, H = N^dOi A which satisfies the Bianchi 
identity non-trivially. For simplicity of presentation, we will focus on the special cases 
S = K3 or with m=2; the generalization to higher dimension and other geometries is 
st raight forward . 

Not coincidentally, this is enticingly close to the compact Fu-Yau geometrjj^ - all we 
need to do is restrict to the sub-bundle of the (C*)^ bundle by lifting the real direction 
along each C* fibre. What could be easier? 



4.1 Decoupling of Radial Fields 

In fact, this turns out to be rather non-trivial. The issue is super symmetry. The target 
space of any sigma model with a linearly realized A/" = 2 is a complex manifold, and the 
specific presentation of the M = 2 corresponds to a specific choice of complex structure. 
Under the particular M = 2 respected by our GLSM, the real directions along the C* 
fibre, n, are paired with the angles, so removing only the radial coordinates would 
explicitly break our (0,2) supersymmetry to an all-but-useless (0,1) subgroup (which we 
are not allowed to lose since this (0, 1) will be gauged when we couple our matter theory 
to heterotic worldsheet supergravity) . The situation appears to be grim. 

To reassure ourselves that there should be a (0, 2) on the sub-bundle, note that 

{C*f = C X 

if the coordinates yi = ri + iOi on (C*)^ are reorganized into the coordinates r = ri + ir2 
on C and 9 = 6i + 162 on T^. The IR geometry thus must admit an A/" = 2 corresponding 
to this choice of complex structure, pairing the two angles into one supermultiplet and the 
two lines into another. Unfortunately, an extensive search for such an A/" = 2 in our UV 
gauge theory quashes our high expectations. 

Let's explore this apparent failure more explicitly. The relevant terms in the action are, 
in components. 



2 

riDa + —r=XiK 
v2 



C = CK3-kf{drif-kf{d9i + M^v,f + 2ikfxid.xi + '^Nteiv+.a 
+ {2kfMt - N^) 

Meanwhile, under the linearly realized (0, 2) supersymmetry 

6,Xa = ie{Da + 2iv+^a) (4.1) 

Now, suppose we attempt reorganize the Yi superfields into superfields that respect the 
C X complex structure: R ^ ri + ir2 + ■ ■ Q ^ 61 + 162 + . . .. The problem is that the 
variation of Aq yields terms of the form exiDa and exiv+-a- The only way to cancel these 
terms is for the variation of both ri and 9i to include terms of the form exi- This makes it 
appear impossible to split ri and 9i into two separate supermultiplets for generic charges. 



review of the Fu-Yau geometry is given in appendix B. 
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The key word here is "generic". Note that our troublesome terms are both proportional 
to i2kfM^ - N^), where Mj", E Z and k e R. If we fix k and Nj" so that Nj" = 2kfM^, 
these terms disappear from the action! Repeating our analysis, we find that there is a (0, 2) 
supersymmetry with exactly the desired properties: 

R={n- ir,) + zv^^+(x( + txi) + ■■■ e = (^1 + 162) + V29+{xi - 1X2) + - 

where R and / superscripts refer to the real and imaginary parts of the fermions, respec- 
tively. In fact, the -R-multiplet is free and entirely decouples! What's more, since ki, which 
measures the radius of the in string units, is fixed in terms of two integers, the volume 
of the fibre is quantized in terms of the torsion fiux, just as it is in Fu-Yau|^ 
Life is now sweet and easy. Based on the above, we define 



e = ei + i92 X = Xi-iX2 N" = 2k'^M'' = 2k'^{M^ + iM^) 
r = ri-ir2 X = ^xi - xi W ±9 = d±6 + M^v^a, 

which transform under M = 2 supersymmetry as 

5,6 = -V2ex S,x = 2V2ie V +6 
5,r = -V2ex 6,x = 2V2ie d+r. 

In these coordinates, the action reduces to 



(4.2) 



(4.3) 



c = CKz + 2v+ev-e + 2v+ev.e + 2%xd.x + 2{N''e + N''e)v+.a 

-2\dr\'^ + 2iid-x- (4.4) 

We may now drop the radial supermultiplet R = r + \/29^x ~ 2i9'^6^d^r, as it is entirely 
decoupled. 

It is important to verify that the truncated Lagrangian is invariant under the (0, 2) 
supersymmetry defined above. However, S'^^^y = Sgauge in WZ gauge, so the gauge vari- 
ance of the classical action rears its stupefying head and some care is required. Under a 
supersymmetry transformation, the classical action transforms non-trivially, 

6X = 2(M"M'' + M''M'')v+b{ieXa + ieXa)- 

This is not a disaster because the gauge transformation needed to return us to WZ gauge 
(which we have been using throughout), = —4:i9~^ev^a, induces a shift in the effective 
action from the anomalous measure: 

6wzV[<^,r] =P[$,r]exp<^ — / d^yv+a{eXb + ieXb 



^Since J (Pyv-f a € ttZ, 61 is automatically periodic, 9i ^ di + 2ttLi, such that Nj^Li E 2Z. Fixing 

Nj^ — 2k'^Mi then implies that kfMj^Li ^ Ua E 'Z, so M° is quantized in terms of ki and L;. Meanwhile, 

2 

the anomaly cancellation condition implies that that tttt should be an integer, since the Qi and g„i are 

integers. Since the physical radius of the is kiLi, this means that the radius is quantized as claimed. 
For the rest of this paper, we will work with ki — Li — 1 for simplicity. 
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Anomaly cancellation ensures that this cancels the supersymmetry variation of the action. 

At this point, we can play various games to simplify the presentation of the theory. For 
example, we can build a superfield out of the multiplet, 

e = ^ + V2^+x - 2ie+e+v+9. 

This looks a lot more convenient than it actually is. While it has the usual field content, this 
is not a standard chiral multiplet: the gauging is complex, with both real and imaginary 
components of 9 shifting under gauge transformations. Since no other superfield transforms 
in the same strange way, gauge multiplet included, it is extremely hard to build gauge 
covariant or invariant operators out of O. In fact, the only gauge-invariant dressed field is 
((9_6+|M"y_a). Meanwhile, the only chiral operator we can build out of 9 is {Q+iM°-Vj^a), 
which we cannot add to the superpotential in a gauge invariant fashion. Indeed, it is 
impossible to build a supersymmetric and gauge invariant action for this multiplet since 
the supersymmetry variation of the kinetic terms cancels against the variation of the axial 
superpotential. To emphasize its peculiar role, we call O a torsion multiplet. 

4.2 The IR Geometry 

Setting Ni = 2A;^M" has decoupled the R multiplet, leaving us with a non-Kahler 
sub-bundle X G X with torsionful S'[/(3)-structure induced from X. In other words, the 
semi-classical IR geometry of our TLSM is a compact holomorphic fibration X over a 
Calabi-Yau S, endowed with a Hermitian metric, a stable holomorphic sheaf Vx = 7r*V5 
pulled back from S, and an NS-NS 3-form H satisfying the Bianchi identity on Vx 
Moreover, the radii of the fibres are fixed to discrete values in terms of the integral 
curvatures of the T^-bundles, given as integer classes on the base K3. Up to uninteresting 
changes of coordinates, this is the Fu-Yau construction. 

It is revealing to derive this IR geometry explicitly from the final TLSM. Let's begin by 
writing out the component Lagrangian in all its majesty. To simplify our lives, we will call 
all the chiral multiplets 0/ whether their charges are positive, negative, or zero, and leave 
all obvious sums implicit. This is easy to unpack when we focus on specific models. After 
integrating out the auxiliary fields, the kinetic terms are, 

Ckin = -\{d + iQ''jVa)<pi\^ + 2li;i{d^+lQ''jV.a)i^l 

+A{d+9i + M^v+a){d-9i + M^v.a) + ^M^9iv^_, + 2ixid_xi 

2 

and the scalar potential is 

= E d^-i' + i^^n + E I f E - A (4-5) 

m a \ I / 
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where V+Tm = V2E^{^) and J"*($) is a (0, 2) superpotential satisfying J2m ^mJ"^ = 0. 
For completeness, the Yukawa terms are 

C-Yuk = -V^iQ^jXatplcl)! - JmlpI^TT' ~ 7m^/^T— + h-C. . (4.6) 

50/ d(f)l 

As in the case of (2, 2) GLSMs on Kahler geometries, the Hermitian geometry of the 
Higgs branch of our TLSM may be computed by integrating out the massive vectors and 
scalars in the gauge theory to derive a Born-Oppenheimer effective action on the classical 
moduli space. However, since the classical action of our TLSM is not gauge invariant, the 
story is slightly more subtle than usual. 

Suppose, for example, that we simply integrate out the massive vector as usual - let 
us work in polar variables where = p/e*'''^. This replaces the gauge connection 
with a non-trivial implicit connection v^{pi, Oi, . . .) on the classical moduli space. The 
chiral fermion content then leads to an anomaly in the resulting non-linear sigma model - 
an anomaly which cancels against the classical variation of the action due to the torsion 
multiplet. This presentation has the advantage of making the role of the anomalous gauge 
transformation in the NLSM manifest, but it complicates the computation of the effective 
metric. 

Alternatively, we can take a lesson from Fujikawa and change coordinates in field space 
to work with uncharged fermions before integrating out the massive vector [25,26]. The 
Jacobian of this field redefinition introduces a gauge variant operator to the action whose 
gauge variation cancels against that of the classical torsion terms, leaving the action gauge 
invariant. We can then integrate out the massive vector and massive scalars to compute 
the effective metric on moduli space. 

Let's take the second approach and change variables to gauge invariant fermions. For 
each right-moving fermion i/jj, there is a natural choice of uncharged dressed fermion ipj = 
g-iip/^^- for the left-movers, there is generically no model-independent choice, so we choose 
an arbitrary linear combination iprn. = ^Lfi of phases with the correct charges to make the 
dressed fermion 7^ = e~^'^'^'jrn gauge neutral, i.e. such that Saffm = —QmCi^a- The Jacobian 
for this change of variables shifts the action by a simple term 

whose gauge variation is just the familiar anomaly. 

The total axial coupling is thus 

which is gauge invariant by construction. The typical next step is to fix a gauge. However, 
since the Faddeev-Popov measure for the simplest gauge choice, 9i = 0, is trivial, it is just 
as easy to work in gauge unfixed presentation; the decoupled longitudinal mode will simply 
cancel the volume of the gauge group in the path integral. 
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With the action and measure now both independently gauge invariant, we can consis- 
tently integrate out the massive vector. Since the action is quadratic in the vector, this is 
straightforward. Solving the classical EOM for the two components of our massive vector, 
and splitting them into fermionic and bosonic components, yields 

where we define 

A'^^ = pjQ^jQl + M^M^ = Aq + Am, 

which is naturally symmetric in the gauge indices. It is easy to check that both components 
of V transform covariantly under gauge transformations. 

Thus prepared, we are finally ready to compute the effective metric on the Higgs branch. 
After a tedious but miserable calculation, the bosonic effective action reduces to 

£L = ^d+Pid-Pi + ^d+Vid.^j [p]5u - p]p]{A-')a,Q'iQ'j\ + 4(A-i)„,a+^"9_u;^ 

+Ad+did^ei - 8(A-i)„b {p^d+^iQ'i + a+o;") d^OiM^ - 8{A-')abP^iQ'}di+u;''d^]ipi , 

and the fermionic effective action to 

-{A'^)abi^I^nmlmQ"iqt. 

where = \{A^B^ - A^B+), A(^+B_) = + A^B+). We will also find it 

useful to define Ag ^ = A^^ — A^^ = — Aq^AmA~\ and to make a habit of suppressing 
gauge indices, representing them instead by matrix multiplication. 

Since one of the features we would like to make manifest is the natural complex structure 
on the total space X, it is natural to return to complex variables 0/ and 9, as well as 
M°- = + iM2. It is also natural to split the Lagrangian into terms symmetric and 
anti-symmetric in the derivatives, corresponding to the puUback to the worldsheet of the 
metric and S-field, respectively. The symmetric terms we will refer to as ds"^, where we will 
also use the shorthand 

dAdB = d(^+Ad^)B dAAdB = d[+Ad^]B, 

remembering that the "differentials" dA and dB are symmeterized without the A. 

Using these conventions and the definition of Ag ^, we can easily factor out the usual 
kinetic terms for the ambient variety V: 

dsl = 4|#,|2 - 4(0,#,)(0jd0j)gf A^iQj. 
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The metric can then be written as 



els'" = dsl-4\(Pj\''\(f)j\\d\n^id\n<f)j)QjA^^Q^ 







'dlni^' 


91. 







tJ^-^Tj 



+4:\de\ 



2i 



d\n^ 



^i?Q] + Tj) A"^ {Mde + MdO) 



(4.7) 



where we have used dr"' = Q'}{(f)jd(j)i + (j)id(j)i) = to simphfy the expression. Working 
patchwise on V makes the geometry somewhat more transparent. We can cover V by 
patches on which s of the homogeneous coordinates, say 4>a=N+i,...,N+si are nonzero and for 
which Q'^ is an invertible s x s matrix. We can then define gauge invariant coordinates on 
each patch, 



Za 



N+s 

n 

T=N + l 



where A = 1, . . . ,N. 

All of these coordinates transform holomorphically as we move from one patch of V 
to another. Furthermore, from the gauge variant coordinates it is clear that there are no 
fixed points of the action (complex shifts of 9). Thus, as long as C F is smooth, 
our construction will yield a principal holomorphic bundle over S d la Goldstein and 
Prokushkin (see appendix B). In these manifestly holomorphic coordinates, the metric can 
be written in Hermitian form. 



dsff 



dsl^ + i 



where Pa = 



In 



and 



dsy 



4\cPA\'\d\nzA\' -4{\(f)A\'QlAQ'QB\(l>B\') [dlnzA] [dlnzs] 



is the analog of the Fubini-Study metric for V (and reduces to it in the case of P^) 
similarly tedious but straightforward computation gives the resulting 5-field, 



B 



2i din— A{\(j)A\^Ql + Tl)A-^[Md(: + MdC] 
Za] 

-2{\<Pa\'QIA-'Tb 

-{M^M^ - M''M^)A~\QA\(j)A\'^ + Ta 



dhi — 


A 


dhi — 









d In ^ 

Za 



AdPa. 



A 



We thus have a manifestly Hermitian metric on a smooth principal holomorphic T^-bundle 
over S, with non-vanishing H threading the total space. This is precisely the geometry we 
were expecting to find. 
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4.3 The Bianchi Identity 



As we sketched in section 3, the one-loop exact spacetime Bianchi identity is realized in the 
TLSM by the one-loop exact gauge anomaly. However, the gauge anomaly is independent 
of the superpotential and thus naturally lives on the ambient toric variety V, while the 
Bianchi identity lives on the space X, so the connection between the Bianchi identity and 
the gauge anomaly requires some work to explicate. 

Their relationship is most transparent when the Bianchi identity is pushed down to the 
base, S. In the Fu-Yau case, it has been shown on purely geometric grounds that [10, 27] 

dH = n*{uA*sZJ) + ..., ch{Tx) = vr* ich{Ts)) + . . . , 

where to = coi + ii02 is the anti-self-dua|^ (1)1) curvature form of the bundle, and 
the omitted terms are all exact forms on S and thus vanish in cohomology on the base. 
Meanwhile, by construction, ch{Vx) = tt* {ch{Vs)), so the Bianchi identity reduces to a 
simple equation in the cohomology of 5*: 

ujA*suJ= -ujI = 2c/i2(V5) - 2ch2{Ts). (4.8) 

All the quantities in this equation can now be written in terms of the defining charges of 
the TLSM. The second Chern characters can be calculated from the short exact sequences 
( lAlnl) and (lAlTTIl to be 

ch2{Ts) = ^-Y,[J2Q^Q'-^''d']{HaAH,)\,, 

a,b \ i / 

ch2{Vs) = ^-Y.lY.^^^^'rn-m^^'] iH,AH,)\,, 

a,b \ m / 

Meanwhile, the curvature u of the fibration can be expressed as a; = {M^ + iM2)Ha, so 
the Bianchi identity pushes down to S to give 

J2 ( M("M'') - J2 QtQ\ + d'^d' + Ci'm - ^""rn'] (H, A H,)\, = 0. (4.9) 

a,b \ i m / 

This is precisely the condition for the cancelation of the gauge anomaly of the TLSM. 



4.4 Ruling Out 

The case S = provides a revealing test case for our construction. Since Trp4 is (utterly) 
trivial, the Bianchi identity takes a particularly simple form - in fact, it is so simple that 
there are no non-trivial solutions [27]. This can be seen by integrating (11.11) over the 

""^^Strictly speaking, there can also be a self-dual (2, 0) oj-form, but it is automatically absent in the TLSM 
construction. 
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base using the restricted forms of dH and [c/i(Vx) — c/i(Tjic)] given in the previous section. 
Since Fs - the curvature of the bundle - is anti-Hermitian and anti-self-dual, and since 
ch2{Tj'4,) = 0, the right-hand side of (14.81) is non-positive for S = while the left-hand 
side is manifestly non- negative for anti-self-dual u (and only when uj is exact). We would 
like to see this directly in the TLSM, or at least in a specific example. 

To this end, we build the base iS = T"^ as the product of two C P^, but with i7-flux 
lacing both factors. This ensures that any 4-form on the base must be proportional to 
Hi A H2\g, where Hi and H2 are the hyperplane classes of the two P^s (the restrictions of 
Hf vanish trivially). Since the Hodge star on T'^ acts as 



{H1 — H2) is the only anti-self-dual 2-form on constructed from hyperplane classes. Since 
the Fu-Yau construction requires cu be anti-self-dual, we must have u = M{Hi — H2). Two 
further conditions apply: (1) for our embedding of T^, none of the coordinate fields are 
charged under both U{l)s, and so d^cP = Q}Qf = 0; and (2) the condition that ciiVs) = 
translates into = Ylm^m- Plugging this into (14. 9p . only the Hi A H2 cross-term does 
not vanish upon restriction to S and we find 



But for the gauge bundle to be stable, all charges must satisfy > [28], in which case 
the equation has no solution unless M = 0. We conclude that our TLSM does not allow us 
to build a non-trivial T^-bundle over this T^-base, in agreement with the the supergravity 
result. 

4.5 Global Anomalies 

Of course, vanishing of the gauge anomaly and satisfaction of the Bianchi identity are not 
sufficient to ensure that the TLSM flows to a consistent vacuum of the heterotic string. In 
order to couple to worldsheet supergravity, our theory must flow to a superconformal fixed 
point which admits a chiral GSO projection. This in turn requires [28, 29] the existence 
of a non-anomalous right-moving ^7(1) /^-current, Jr, and a non-anomalous left-moving 
flavor symmetry, J^, leading to additional constraints on allowed charges beyond quantum 
gauge invariance. The relevant anomalies are thus the various mixed gauge-global and 
global-global anomalies; consistency of the gauge theory requires that they cancel. 

Let's start with the i?-current. i?-invariance of the TB terms in the superpotential 
require to be an i?-scalar, though it may carry a shift-charge under /^-symmetry. This 
implies that the fermion x in G carries i?-charge -|-L However, since x is gauge neutral, it 
does not contribute to the mixed gauge- i? anomaly. Since the chiral superfields $j typically 
appear in quasi-homogeneous polynomials in the superpotential ToG{^i) (see appendix A), 
it is most natural to assign them i?-charges proportional to their gauge charges rQi - this 
also fixes the -R-charge of Tq to —rd — 1. Then one has the fermi supermultiplets 
appearing in the superpotential via ^oTmJ"^{^i), restricting charge assignments for $0 and 



H2 



*s H2 = H] 




(4.10) 
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Tm to be p — rm and rq^ — p — 1, respectively. This additional shift of p is a freedom not 
available to us in (2, 2) models. 

The anomaly in the left-moving flavor symmetry can be treated similarly. For example, 
by setting the flavor charge of each field proportional to its gauge charge, and assigning 
to an anomalous shift-charge under the flavor U{1), vanishing of the gauge anomaly 
ensures the non-anomaly of the left-moving flavor symmetry. Note that the contribution 
of the torsion multiplet to the currents Jl, Jr, and Jgauge, is of the form Jq ~ 89, so its 
contributions to the anomalies actually come from tree-diagrams rather than loops. 

Two final anomaly relations are important. First, for and Jl to be purely right- and 
left-moving, their mixed anomaly must also vanish, giving one integer constraint. Finally, 
the JrJr ope measures the conformal anomaly, which must be equal to 9, giving one last 
integer equation on the charges. In the typical model of interest, there are many more fields 
than equations, making it easy to satisfy these constraints. 

4.6 Caveat Emptor: Spacetime vs. Wordsheet Constraints 

One very important elision in the above is distinguishing which conditions on the charges 
are required on a priori 2d grounds, and which derive from spacetime arguments. For 
example, in a (2, 2) model the running of the D-term is equivalent to the i?-anomaly, which 
in turn is equivalent to the vanishing first Chern class of the IR geometry, ci{Ts). However, 
in a (0, 2) model these three effects are decoupled. 

The running of t is decoupled because we can always add a pair of massive spectators 
to the theory - a chiral and a fermi superfield - whose contributions to all gauge and global 
anomalies vanish, but whose gauge charges can be chosen to limit the running of t to a finite 
shift [28,29], something not possible in more familiar (2,2) models. Meanwhile, the chiral 
content of the theory yields enough freedom in assigning /^-charges that the i?-anomaly is 
decoupled from Ci{Ts) = 0. Similarly, the conditions that Ci{Vs)=0, that uj be anti-self- 
dual, and that Vs be stable, are all required to ensure spacetime supersymmetry in the 
supergravity construction of the Fu-Yau compactification but do not appear as necessary 
constraints for the consistency of our 2d gauge theories. 

A natural guess is that ensuring spacetime supersymmetry of the massless modes of our 
theory requires the imposition of these constraints on the charges and fields in the TLSM. 
Checking this requires a more detailed discussion of the exact spectrum of our models than 
we have presented in this note; for now we will simply impose these conditions, as is often 
done in (0, 2) models, because we can and because doing so matches us precisely onto the 
Fu-Yau construction. We will return to this question in a sequel. 

5 The Conformal Limit 

So far, we have shown that our compact (0, 2) TLSMs exist as non-anomalous, 2d A/" = 2 
quantum field theories which have Fu-Yau-type geometries as their one-loop classical moduli 
spaces. These are principal holomorphic T^-bundles over Calabi-Yaus with torsionful G- 
structures which non-trivially satisfy the Green-Schwarz anomaly constraints. However, 
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since Fu-Yau geometries are necessarily finite radius and generally contain small-volume 
cycles, the semi-classical geometric analysis is not obviously reliable. What we would like 
to argue is that the IR conformal fixed points to which these massive TLSMs fiow should 
be taken to define the Fu-Yau CFT. For this to make sense, however, we must demonstrate 
that these TLSMs in fact fiow to non-trivial CFTs in the IR. 

This will take some work. The first step is to observe that the superpotential in a (0, 2) 
model is one- loop exact, so the vacuum is not destabilized at any order in perturbation 
theory; the concern is thus worldsheet instantons. It has long been understood that the 
perturbative moduli spaces of generic (0, 2) models are lifted by instanton effects [13, 14]. It 
has more recently been understood that (0, 2) GLSMs on Kahler targets with arbitrary (not 
necessarily linear) stable vector bundles are not lifted by instanton effects. This has been 
demonstrated in the class of "half-linear" models via an analysis of the analytic structure of 
the spacetime superpotential in a paper by Beasley & Witten [16] and, in the more limited 
case of GLSMs, via a generalized Konishi anomaly argument by Basu & Sethi [30] . Due to 
the gauge anomaly and gauge variance of the classical Lagrangian, neither of these analyses 
directly apply to our torsion models; however, the basic structure of the Beasley- Witten 
argument obtains, which suggests that the vacuum is indeed stable to worldsheet instanton 
corrections. 

The basic ingredients in [16] were that the spacetime superpotential is a holomorphic 
section of a simple line bundle; that poles can appear only if the instanton moduli space 
has a non-compact dimension along which worldsheet correlators can diverge; that a simple 
residue theorem ensures that the sum over all poles is zero; and that the worldsheet theory 
respect a linearly realized (0,2) with non-anomalous U{1) i?-symmetry. In the case of our 
TLSMs, the crucial step is verifying that the instanton moduli space is in fact compact; the 
rest appears to follow rather straightforwardly. 

The instantons in our TLSM fall into two classes: those involving gauge fields coupled 
to torsion multiplets and those involving gauge fields coupled only to chiral multiplets. The 
latter class is identical to those studied in [15, 16] and have compact moduli spaces for 
the same reasons; these correspond to the homologically non-trivial lifts of holomorphic 
curves on the base Calabi-Yau. The former is more subtle. Recall that all that matters for 
the lifting of the massless vacuum are contributions to the chiral superpotential from BPS 
instantons. Significantly, BPS instantons in the torsion sector must satisfy an unusual BPS 
equation 

5^ = d+e + M^v+a = 0. 

Since f+a is singular for an instanton background, instantons aligned along M" in G do 
not have finite action, so we appear to have no instantons along the curve associated to 
M"". Actually, this makes a great deal of sense. The one- form on K3 associated to M"t;+a 
is aM (see appendix B); since is not a globally-defined form, oom = dau - the 2- form 
curvature of the T^-bundle - is non-trivial in H'^{K3,Z). However, the connection 1-form 
on X, d9 + ir*a]\i, is a globally defined 1-form on X, so d{d6 + 'K*aM) is trivial in H'^{X, Z). 
Thus, there is no 2-cycle in X associated with this gauge field. 

Thus the BPS instantons of the TLSM are a refinement of the instantons of the base 
Calabi-Yau, and the moduli space is consequently compact. Elevating these heuristic ar- 
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guments to a rigorous proof of the stability of the vacuum to instanton corrections does 
not appear impossible. We leave a more thorough discussion of instantons in torsion sigma 
models, and a formal proof of the stability of the vacuum, to future work. 

6 Conclusions and Speculations 

In this note, we have constructed gauged linear sigma models for non-Kahler compacti- 
fications of the heterotic string with non-trivial background NS-NS 3-form H satisfying 
the modified Bianchi identity, and we argued for the exact stability of their vacua to all 
orders and non-perturbatively in a'. This construction provides a microscopic definition of 
the Fu-Yau CFT and, via duality, for a related class of KST-like flux-vacua [3] involving 
non-trivial NS-NS and RR fluxes which stabilize various moduli in a fiducial Calabi-Yau 
orientifold compactification. 

While motivated by the remarkable Fu-Yau construction, this construction is consid- 
erably more general, suggesting applications much richer than we have been able to cover 
explicitly. For example, while we have focused on K3 bases for simplicity, it is completely 
straightforward to construct more general compactifications over higher- dimensional Calabi- 
Yau bases, leading to 7 and 8 dimensional non-Kahler compactifications corresponding to 
torsionful G2 and Spin{7) structure manifolds. It is also natural to try to apply the tech- 
nology of the torsion multiplet to non-CY bases - say, dPg - by suitably adjusting the 
fibration structure. Perhaps the easiest cases to be studied are the type II examples in 
section 2; there is a rich story to be told there, including non-perturbative existence and 
a thorough study of the instanton structure of the theory. We will return to all of these 
points in upcoming publications. 

One area where our construction should be of particular use is in the study of the moduli 
spaces - and hence low-energy phenomenology - of non-Kahler compactifications [31,32]. 
The necessary tools for analyzing the spectra of (0, 2) GLSMs have long been know [28] 
and can presumably be applied with minor modifications. Relatedly, TLSMs should also 
provide a computationally effective tool to study the topological ring which was recently 
proved to exist for generic (0,2)-models [33,34], as well as the action of mirror symmetry 
on these stringy geometries. In fact, the action of T-duality and mirror symmetry on these 
geometries is remarkably subtle - for example, it is easy to check that the fibre on the 
Fu-Yau geometry is, in fact, self-dual, corresponding to a pair of SU{2) WZW models at 
level one. What is the relation between the self-dual circles and the NS-NS flux? Are these 
WZW models playing the anomaly-cancelling role of the WZW models in the (0, 2) Gepner 
model constructions of Berglund et al [35]? Clearly, a great deal remains to be learned form 
these torsion linear sigma models, and from the CFTs to which they flow. 
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A Review of (0, 2) and (2, 2) GLSMs 

The following is a lightning review of the salient features of (0, 2) gauged linear sigma 
models; for more complete discussions see [12,29]. Our conventions and notation follow [36], 
with all factors of ol suppressed throughout the paper. We take the (0, 2) superspace 
coordinates to be (?/"'", y~ ^O'^ , O"^), where = (i/^iy^). We begin with the gauge multiplet. 
The right-moving gauge covariant superderivatives satisfy the algebra 

Vl = vl = 0, -i{V+,V+} =V+ = d+ + iQv+, (A.l) 

where Q is the charge of the field on which they act. These imply that in a suitable basis 
we can identify 

v+ = ^- 2z^+v+, v+ = + 2^rv+, v. = d. + f gy_, 

where V± are real vector superfields which transform under a gauge transformation with 
(uncharged) chiral gauge parameter D+A = as 6\V_=d^{A + A) and 6\V+=^{A — A); 
V± are the usual gauge covariant derivatives. This allows us to fix to Wess-Zumino gauge 
in which 

V+ = e+9+2v+ y„ = 2v^ - 2i9+X^ - 2i9+X^ + 29+9+D. 

Note that V- contains a complex left-moving gaugino. Finally, the natural field strength is 
a fermionic chiral superfield, 

T = 2[V+,V_] = V+{2d^V+ + iV^) = -2{A_ - i9+{D + 2iv+^) - 2i9+9+d+X^}, (A.2) 

for which the natural action is 

Sr = j d^yd9+d9^ TT = ^ ^ d^y i^vl^ + 2^A_a+A_ + ^D^j , (A.3) 

where d^y = dy^dy^ and we use conventions where J d9^9^ = J 9'^d9^ = 1. 

Matter multiplets are similarly straightforward. A bosonic superfield satisfying P_|_<l> = 
is called a chiral supermultiplet and contains a complex scalar and a right-moving com- 
plex fermion $ = + ^/29^ip+ — 2i9^9^V +(f), and under gauge transformations $ 
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e *Q(^+^)/2<|). The gauge invariant Lagrangian is given by 

= -I j d2yd2^$P_$, (A.4) 

where the metric is given by r/"^^ = —2. 

Left-moving fermions transform in their own supermultiplet, the fermi supermultiplet, 
which satisfies the chiral constraint 

V+T = V2E (A.5) 

and has component expansion F = 7_ — \f2Q'^G — 226'"'~^+V+7_ — \plQ'^E, where V>j^E = 
is a bosonic chiral superfield with the same gauge charge as F. The action for F is given by 

Sr = -\ jdSd^eVT (A.6) 
d^y 2z7_ V+7- ^\Gf-\E\^-[ 7-tt-^+. + ^^^1- 



In general, we can add superpotential terms to our Lagrangian. Since these are integrals 
over a single supercoordinate, the superpotential can be written as a sum of fermi superfields 
Fm times holomorphic functions J"* of the chiral superfields, 

5w = 4^ /d2y(i^+ F^J'"|e-+=o + h.c., (A.7) 



V2 



d'y { G^J"'{4>i) + 7_™^/;+i— - \ + h.c. 



Since F^ is not an honest chiral superfield but satisfies flA.Sp . we need to impose the 
condition 

^ ■ J = (A.8) 

to ensure that the superpotential is chiral. Finally, since T is a chiral fermion, we can also 
add an FI term of the form 

5pi = ^ y d2?/(ie+ T|e-+=o + h.c. = y" d^y {-rD + 2dv+_) (A.9) 
where t = r + iO is the complexified FI parameter. 



A.l Our Canonical Example: V K3 

Our canonical example begins with a vector bundle V S over a K3 hypersurface in a 
resolved weighted projective space W¥^. The associated GLSM includes the gauge group 
G = U{iy with s gauge field-strengths T^, (3-|-s) chiral scalars ^'i=i,...3+<i with charges Q", a 
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set of c neutral scalars Tia=i...c, a single chiral scalar $o with charges —d"', r fermi multiplets 
^m=i,...r with charges satisfying the constraints V+Tm = \^^aE:^{^), a single chiral 
fermion Fq with charges — m", and spectators as needed to ensure vanishing of the one-loop 
tadpole for [28,29], all interacting according to the canonical Lagrangian density 



Integrating out the auxiliary fields results in a scalar potential 

= E I (E.Q- - "^l0oP - r'^)' + |G(<^)P + J] (|0o| ^"(0)1' + |EA^Ai?;^('^)r) • 

a m 

Non-singularity of the relevant geometric phase requires G{^i) and J'^($i) to be transverse, 

dG dG 



G 



G = J' = J' 








Wi : (f)i = 0, 
Vi : 0i = 0. 



In the relevant geometric phase of the Kahler cone, the Yukawa interactions 



Yuk 



7_m ^+oJ'^ + M+i 



+7_^ ( v+aE^ + i^+iaA^^ 



i 

dG' 



+ h.c. 



give masses to various linear combinations of the right- and left-moving fermions. The 
massless right-moving fermions couple to a bundle which fits into two exact sequences. For 
instance, for a single U{1) we have 



wv 







(A.IO) 



W¥\s 



Os{d) 0, 



so the massless right-moving fermions couple to T^. Similarly, the bundle Vs to which the 
massless left-moving fermions couple fits into a pair of short exact sequences. 








aOw¥ 



■'m 



V, 



WW 







(A.ll) 



Vs VwAs — ' 0{m) 
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A. 2 GLSMs with (2, 2) Supersymmetry 

A special class of (0, 2) tlieories have enhanced (2, 2) supersymmetry. To describe these theo- 
ries, we enlarge our superspace by adding two fermionic coordinates, y~ , 9'^ ,9~^ ,9^^ ,9^), 
and introduce supercovariant derivatives 

B^ = ^-W^d^ D^ = -^ + W^d^. (A12) 

Unlike the (0,2) case, there are two kinds of (2,2) chiral multiplets, c/izra/ multiplets sat- 
isfying 

D+$2,2 = D_<l>2,2 = 0, (A. 13) 

and twisted chiral multiplets satisfying 

D+y2,2 = D_y2,2 = 0. (A.14) 

Both have the field content of one (0, 2) chiral and one (0, 2) fermi multiplet, 

$2,2 = $ + V2r r_ - 2i9~9~d-^ Y2,2 = Y + V29~ F + 2i9~~9~d.Y. 

The (2,2) vector superfield, V2,2, whose field strength is a twisted chiral multiplet S = 
^D+D_V2,2, is built out of an uncharged (0,2) chiral multiplet Sq and a (0,2) vector 
multiplet V± as 

1^2,2 = V+ + 9^9-V^ + V2^+0"So + v^r ^+So, (A.15) 

where Sq = a — i\/29'^\^ — 2i9^9+d^a for agreement with [12], and 5gV2,2 = f (^2,2 — ^2,2)- 
The standard Fl-term is 

Cfi = ^ / d9+d9-J: + h.c. = -rD + 29v+-, 
2V2J 

where t = r + i9. 

Lastly, we note that a (2, 2) chiral multiplet with U{1) charge Q reduces to a charged 
(0, 2) chiral multiplet $ and a charged fermi multiplet F satisfying 

V+T = V2E 

in (0, 2) notation, and where E is given by 

E = V2QEo^. (A.16) 

We will omit the subscripts "2,2" in the main text, as it should always be clear from the 
context to which supersymmetry we refer. 
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B The Fu-Yau Geometry 



B.l Super symmetry Constraints 

Consider compactification of tlie lieterotic string on a 6-dimensional manifold, X. Pre- 
serving M=l supersymmetry in 4d requires that X admit a nowhere vanishing spinor, 77. 
This immediately imphes that X admits an almost complex structure. The existence of a 
nowhere-vanishing spinor on an almost-complex 3-fold implies that the frame bundle ad- 
mits a connection of S'f/(3) holonomy - i.e. that X is a special-holonomy manifold with 
5'?7(3)-structure. However, the connection of special holonomy need not be the Levi-Civita 
connection, and in general the nowhere-vanishing spinor is not annihilated by the metric 
connection, V^, but by a (unique) torsionful connection, 

(V, + H)r] = 0. 

H is called the intrinsic torsion of the S'[/(3)-structure. In the special case H = 0, when 
the nowhere- vanishing spinor is covariantly constant according to the metric connection, X 
admits a metric of SU (3) holonomy and is thus Calabi-Yau. 

A/" = 1 supersymmetry in 4d further requires the vanishing of the supersymmetry vari- 
ations of the gravitino, dilatino, and gaugino. Together with the Jacobi identity for the 
resulting superalgebra, these constraints imply that X admits an integrable complex struc- 
ture, a nowhere-vanishing Hermitian metric corresponding to a globally-defined Hermitian 
(l,l)-form, J„5 = rj'^T^i'r], a nowhere-vanishing holomorphic (3,0)-form, Qabc = V^^abcVy 
comes equipped with a Hermitian- Yang- Mills gauge field, F^^'^^ = F*^"'^^ = FmnJ"^^ = 0. 
They also imply that 

H = i{d-d)J, 

so H is the obstruction to X being Kahler. Instead, X is conformally balanced, 

d(e-2'^JA J) = 0, 

where is the Einstein-frame dilaton. While more complicated than the simple H = 
Calabi-Yau case, the general X would so far appear to be on a similar footing. 

The Green-Schwarz anomaly completely changes the story. Including the one-loop grav- 
itational correction, the vanishing of the anomaly implies 

dH = a' (trR A i? - TrF A F) , 

where R is the curvature of the Hermitian connection on X. This changes the story in 
several dramatic ways. First, since the left and right hand sides of this equation scale 
inhomogenously in the global conformal mode of the metric, any solution to this equation 
has fixed volume modulus. Crucially, this means any solution to this equation does not 
have a large radius limit, so supergravity perturbation theory has a finite, fixed expansion 
parameter and must be taken with a sizeable grain of salt. Secondly, this equation is 
spectacularly nonlinear, so even proving the existence of solutions is a profoundly difficult 
problem. 
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Happily, in at least one special case there exists an existence proof by Fu and Yau 
for solutions to the full set of conditions outlined above, including the anomaly equation, 
analogous to Yau's proof of the existence of a Ricci-flat Kahler metric on manifolds of SU (3)- 
holonomy. Unlike the Yau proof of the Calabi conjecture, however, the Fu-Yau proof begins 
with a very specific Ansatz for the metric, torsion, and holomorphic 3-form [10]. 

B.2 GP Manifolds and the FY Compactification 

The underlying manifold satisfying all of the supersymmetry constraints unrelated to the 
gauge bundle was first constructed by Goldstein and Prokushkin [11]. Their solution in- 
volved constructing the complex 3-fold as a bundle over a or /y3 base. Fu and 
Yau [10] used this underlying manifold and constructed a gauge bundle satisfying the re- 
maining supersymmetry constraints as well as the modified Bianchi identity, which was a 
monumental accomplishment since it is a complicated differential equation. We start by 
explaining the GP manifold. 

Let iS be a complex Hermitian 2-fold and choosj^ 

^,^Gi/^(5;Z)nA^'^r*. (B.l) 

where ujp and ujq are anti self-dual. Being elements of integer cohomology, there are two 
C*-bundles over call them P and Q, whose curvature 2- forms are ujp and cuq, respectively. 
We can then restrict to unit-circle bundles S\, and Sq of P and Q respectively, and take 
the product of the two circles over each point in S to form a bundle over 5" which we 
will refer to as X {T^ ^ X ^ S). 

Given this setup, Goldstein and Prokushkin showed that if S admits a non-vanishing, 
holomorphic (2, 0)-form, then X admits a non-vanishing, holomorphic (3, 0)-form. Further- 
more, they showed that if cjp or uq are nontrivial in cohomology on S", then X admits no 
Kahler metric. They constructed the non-vanishing holomorphic (3, 0)-form and a Hermi- 
tian metric on X from data on S. 

The curvature 2-form ujp determines a non-unique connection V on S\> (and similarly for 
ujQ on Sq). a connection determines a split of Tx into a vertical and horizontal subbundle 
- the horizontal subbundle is composed of the elements of Tx that are annihilated by the 
connection 1-form, the vertical subbundle is then, roughly speaking, the elements of Tx 
tangent to the fibres. Over an open subset U (Z S, we have a local trivialization of X and 
we can use unit-norm sections, ^ G T{U; Sp) and C G T{U] Sq), to define local coordinates 
ior zeU xT^ by 

z=ip,e''-aP).e''%ip)), (B.2) 
where p = tt{z) G U. The sections ^ and ( also define connection 1-forms via 

= zap ® ^ and VC = iaQ (g) C, (B.3) 

Actually, Goldstein and Prokushkin only required that wp + iujQ have no (0, 2)-component, but Fu and 
Yau used the restriction that we have stated. 
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where up = dap and uq = dag on U, and the ctj are necessarily real to preserve the 
unit-norms of ^ and (. 

The complex structure is given on the fibres by dgp and dg^ —dgp while on 

the horizontal distribution it is induced by projection onto So Given a Hermitian 2-form 
Us on S, the 2-form 

uJu = TT* (e^cjA/) + {dOp + 7r*ap) A {dOQ + n*aQ), (B.4) 

where u is some smooth function on S, is a Hermitian 2-form on X with respect to this 
complex structure. The connection 1-form 

^9 = (dOp + 7r*ap) + i{d9Q + vr^ag) (B.5) 

annihilates elements of the horizontal distribution of Tx while reducing to d9p + idOq along 
the fibres. These data define the complex Hermitian 3-fold (X, cj^), which we call the GP 
manifold [11]. Explicitly, 



ds\ 


= 71* (e^'dsl) + {dOp + Ti*apf + (. 


d0Q + 'K*aQf 


Jx 






^x 


= 7r*{ns)A^ 




H 


= {dOi + 7r*ai) A 7r*Wi, 

i=P,Q 





where VLs is the nowhere- vanishing, holomorphic (2, 0)-form on S (A'3 or T^). It is straight- 
forward check that all the supersymmetry constraints are satisfied by this Ansatz, however 
for a valid heterotic compactifications a gauge bundle still needed to be constructed to 
satisfy the Bianchi identity. 

Fu and Yau undertook the more difficult problem of proving the existence of gauge 
bundles over the GP manifold with Hermitian- Yang- Mills connections satisfying the Bianchi 
identity (11. ip . They took the Hermitian form (]B.4p and converted the Bianchi identity into 
a differential equation for the function u. Under the assumption 



2 \ 1/4 /. , ,2 



e-'--^ «1= (B.6) 

K3 ^ / JK3 ^ 

they showed that there exists a solution u to the Bianchi identity for any compatible choice 
of gauge bundle Vx and curvatures ujp and ujq such that the gauge bundle Vx over X is 
the pullback of a stable, degree bundle Vi^s over K'i, Vx = ^*Vk3 [10]; this is what we 
call the Fu-Yau geometry. 

Note that by a "compatible" choice of gauge bundle and Wj's we mean the following: 
choose the gauge bundle Vx and the curvature forms to satisfy the integrated Bianchi 
identity 

x{S)-TtF'= I Y^ul (B.7) 



1^ Actually, this just gives an almost complex structure, but Goldstein and Prokushkin proved that it is 
integrable [11] 
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In particular, note that the right-hand side and TrF^ are manifestly non-negative, since 
*sF = —F and F is anti-Hermitian. Hence, the only possible solution for a base is 
to take the gauge bundle and the bundle to be trivial, leaving us with a Calabi-Yau 
solution X [10,27]. This is in agreement with arguments from string duality ruling 
out the Iwasawa manifold as a solution to the heterotic supersymmetry constraints [37]. 
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